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1 Introduction
Probabilistic ﬁxed point theory originated in the work of Sehgal and Bharucha-Reid []
where they introduced a contraction mapping principle in probabilistic metric spaces.
After that this line of research has developed through the works of diﬀerent authors over
the years. A comprehensive description of this development is given in the book of Hadz˘ić
and Pap []. Some more recent references are noted in [–].
Metric spaces are generalized in diﬀerent ways creating spaces like fuzzy metric spaces,
-metric spaces, etc.Generalizedmetric space is one of such spaces inwhich to every triple
of points a nonnegative real number is attached. Such spaces were introduced by Mustafa
and Sims []. Fixed point theory and related topics have been developed through a good
number of works in recent times, some instances of which are in [–].
In the same vein probabilistic generalized metric spaces have been introduced by Zhou
et al. [] wherein they also proved certain primary ﬁxed point results in these spaces.
An interesting class of problems in probabilistic ﬁxed point theory was addressed in re-
cent times by use of gauge functions. These are control functions which have been used
to extend the Sehgal contraction in probabilistic metric spaces. Some examples of these
applications are in [, , , , , ]. One of such gauge functions was introduced by Fang
[]. Here we use the gauge function used by Fang [] to obtain a ﬁxed point result in
probabilistic G-metric spaces. Our result is supported with an example.
It is perceived that the study of ﬁxed points for contractions deﬁned by using control
functions is an important category of problems in ﬁxed point theory. One of the causes
for this interest is the particularities involved in the proofs. With this motivation we work
out the results in this paper.
© 2015 Alsulami et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
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2 Mathematical preliminaries
In this section we discuss certain deﬁnitions and lemmas which will be necessary for es-
tablishing the results of the next section.
Deﬁnition . [] A mapping F : R → R+ is called a distribution function if it is nonde-
creasing and left continuous with inft∈R F(t) =  and supt∈R F(t) = , where R is the set of
real numbers and R+ denotes the set of all nonnegative real numbers.
Deﬁnition . [, ] A binary operation : [, ] → [, ] is called a continuous t-norm
if the following properties are satisﬁed:
(i)  is associative and commutative,
(ii) (a, ) = a for all a ∈ [, ],
(iii) (a,b)≤ (c,d) whenever a≤ c and b≤ d for all a,b, c,d ∈ [, ],
(iv)  is continuous.
Generic examples of continuous t-norm are M(a,b) = min{a,b}, P(a,b) = ab, etc.
Deﬁnition . [] A Menger space is a triplet (X,F ,), where X is a nonempty set, F is
a function deﬁned on X × X to the set of distribution functions and  is a t-norm such
that the following are satisﬁed:
(i) Fx,y() =  for all x, y ∈ X ,
(ii) Fx,y(s) =  for all s >  if and only if x = y,
(iii) Fx,y(s) = Fy,x(s) for all s > , x, y ∈ X ,
(iv) Fx,y(u + v)≥ (Fx,z(u),Fz,y(v)) for all u, v≥  and x, y, z ∈ X .
Deﬁnition . [] The -tuple (X,G,) is called a probabilistic G-metric space (shortly
PGM-space) if X is a nonempty set,  is a continuous t-norm and F∗ is a function from
X × (,∞) to the set of distribution functions satisfying the following conditions for each
x, y, z ∈ X and t, s > :
(i) F∗x,y,z(t) =  if and only if x = y = z,
(ii) F∗x,x,y(t)≥ F∗x,y,z(t) with y = z,
(iii) F∗x,y,z(t) = F∗p(x,y,z)(t), where p is a permutation function,
(iv) (F∗x,a,a(t),F∗a,y,z(s))≤ F∗x,y,z(t + s).
Example . [] Let (X,F∗,) be a probabilistic metric space. Deﬁne a function F∗ :





for all x, y, z ∈ X and t > .
Then (X,F∗,) is a probabilistic G-metric space.
For more examples of probabilistic G-metric space refer to [].
Deﬁnition . [] Let (X,F∗,) be a probabilistic G-metric space and x be any point
in X. For any  >  and λ with  < λ < , an (,λ)-neighborhood of x is the set of all points
y in X for which F∗x,y,y() >  – λ and F
∗
y,x,x () >  – λ. We write
Nx (,λ) =
{
y ∈ X : F∗x,y,y() >  – λ,F∗y,x,x () >  – λ
}
.
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This means that Nx (,λ) is the set of all points y ∈ X for which the probability of the
distance from x to y being less than  is greater than  – λ.
Lemma . [] If  ≤  and λ ≤ λ, then Nx (,λ)⊆Nx (,λ).
Theorem . [] Let (X,F∗,) be a probabilistic G-metric space. Then (X,F∗,)
is a Hausdorﬀ space in the topology induced by the family {Nx (,λ)} of (,λ)-neigh-
borhoods.
Deﬁnition . [] Let (X,F∗,) be a probabilistic G-metric space.
(i) A sequence {xn} ⊂ X is said to converge to a point x ∈ X if given  > , λ >  we can
ﬁnd a positive integer N,λ such that for all n >N,λ,
Fx,xn ,xn ()≥  – λ.
(ii) A sequence {xn} is said to be a Cauchy sequence in X if given  > , λ >  there
exists a positive integer N,λ such that
Fxn ,xm ,xl ()≥  – λ for allm,n, l >N,λ.
(iii) A probabilistic G-metric space (X,F∗,) is said to be complete if every Cauchy
sequence is convergent in X .
Deﬁnition . [] A t-norm  is said to be a Hadz˘ić type (shortly H-type) t-norm if the
family {m}m> of its iterates deﬁned for each t ∈ [, ] by
(t) =(t, t)
and, in general, for allm > ,m(t) =(t,m–(t)) is equi-continuous at t = , that is, given
λ >  there exists η(λ) ∈ (, ) such that
η(λ) < t ≤  ⇒ (m)(η(λ)) ≥  – λ for allm > .
Deﬁnition . [] Let w denote the class of all functions ϕ : R+ → R+ satisfying the
following condition:
for each t > , there exists r ≥ t such that limn→∞ ϕn(r) = .
Lemma . [] Let ϕ ∈ w, then for each t >  there exists r ≥ t such that ϕ(r) < t.
3 Main results
Deﬁnition . Let (X,F∗,) be a PGM-space with a continuous t-norm  of H-type.
A mapping f : X → X is said to be a probabilistic ϕ-contraction if there exists a function




) ≥ F∗x,y,z(t) for all x, y, z ∈ X and t > . (.)
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Lemma. Let {xn} be a sequence in aMenger PGM-space (X,F∗,),where is a Hadz˘ić
type t-norm. If there exists a function ϕ ∈ w such that




) ≥ F∗xn–,xn ,xn (t) for all n ∈N and t >  (.)
for all t > , n≥ , then {xn} is a Cauchy sequence in X.
Proof The condition (i) implies that ϕn(t) >  for all t >  and n≥ , and from the condition




) ≥ F∗x,x,x (t) for all t > ,n≥ . (.)




xn ,xn+,xn+ (t) =  for all t > . (.)
Since F∗x,x,x (t) →  as t → ∞, for any  ∈ (, ), there exists t >  such that F∗x,x,x (t) >
 – . Since ϕ ∈ w, there exists t ≥ t such that limn→∞ ϕn(t) = . Thus, for all t > ,
there exists n ≥  such that ϕn(t) < t for all n ≥ n. By t > ϕn(t), t ≥ t, (.) and the
monotonic property of distribution functions, we have
F∗xn ,xn+,xn+ (t)≥ F∗xn ,xn+,xn+
(
ϕn(t)
) ≥ F∗x,x,x (t)≥ F∗x,x,x (t) >  –  for all n≥ n.
Thus (.) holds.
Since ϕ ∈ w, by Lemma ., for any t > , there exists r ≥ t such that ϕ(r) < t. Let n≥ 
be given. Now we show by induction that, for any k ≥ ,







For k = , from (.) we have

















Thus (.) holds for k = . Assume that (.) holds for some k ≥ . Since  is monotone,
from (iv) in Deﬁnition ., and then by (.) and (.), it follows that

























,F∗xn ,xn+k ,xn+k (t)
)


















which completes the conclusion.
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Next we show that {xn} is a Cauchy sequence in X, that is, limm,n,l→∞ F∗xn ,xm ,xl (t) =  for
all t > . Let t >  and  <  < . Since {n(t)} is equi-continuous at t =  and n() = ,
then there exists δ >  such that
n(s) >  –  for all s ∈ ( – δ, ] and n≥ .
We ﬁrst prove that limn,m→∞ F∗xn ,xm ,xm (t) ∈ ( – δ, ] for all n ≥ n. Since t – ϕ(r) > , from
(.) there is n ≥  such that F∗xn ,xn+,xn+ (t – ϕ(r)) >  – δ for all n≥ n. Hence and by (.)




xn ,xm ,xm (t) =  for all t > . (.a)
By (iv) with a = xm in Deﬁnition ., we have, for all t > ,




































=  for all t > .
Thus, by using the continuity of , we have
lim
m,n,l→∞















=(, ) = .
Therefore, we proved that
lim
m,n,l→∞
F∗xn ,xm ,xl (t) =  for all t > .
This shows that {xn} is a Cauchy sequence in X. 
Corollary . [] Let {xn} be a sequence in a Menger PM-space (X,F ,), where  is a
Hadz˘ić type t-norm. If there exists a function ϕ ∈ w such that




) ≥ Fxn–,xm– (t) (.)
for all t > , n,m≥ , then {xn} is a Cauchy sequence in X.
Proof Deﬁne F∗x,y,z(t) = min{Fx,y(t),Fy,z(t),Fx,z(t)} for all x, y, z ∈ X and t > . Then (X,F∗,)
is a probabilistic G-metric space.
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Similarly we have
F∗xn–,xn ,xn (t) = Fxn–,xn (t). (.)








) ≥ Fxn–,xn (t) = F∗xn–,xn ,xn (t).
Hence we conclude that (.) holds. By Lemma ., we conclude that {xn} is a Cauchy
sequence in the sense of PGM-space (X,F∗,), that is, given  > , λ >  there exists a
positive integer N,λ such that
F∗xn ,xm ,xl ()≥  – λ for allm,n, l >N,λ. (.)
By deﬁnition of F∗ and (.), we have, for all t > ,
min
{
Fxn ,xm (t),Fxm ,xl (t),Fxn ,xl (t)
} ≥  – λ.
This shows that {xn} is a Cauchy sequence in the sense of PM-space (X,F ,). 




) ≥ F∗x,y,y(t) (.)
for all t >  and x, y ∈ X, then x = y.
Proof Since F∗ is monotonic, it is obvious that from (.) it follows ϕ(t) >  for all t > .




) ≥ F∗x,y,y(t) (.)
for all t >  and n≥ .
To prove x = y, it is required that F∗x,y,y(t) =  for all t > . Suppose, to the contrary, that
there exists some t >  such that F∗x,y,y(t) < . Since limt→∞ F∗x,y,y(t) = , there exists t > t
such that
F∗x,y,y(t) > F∗x,y,y(t) (.)
for all t ≥ t.
Since ϕ ∈ w, there exists t ≥ t such that limn→∞ ϕn(t) = . Therefore, we can choose
large enough n ≥  such that ϕn (t) < t. By the monotone property of F∗, using (.)




) ≥ F∗x,y,y(t) > F∗x,y,y(t),
which is a contradiction. Therefore F∗x,y,y(t) =  for all t > . Hence x = y. 
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Theorem . Let (X,F∗,) be a PGM-space with a continuous t-norm  of H-type. If the
mapping f is a probabilistic ϕ-contraction, then f has a unique ﬁxed point in X.
Proof Let x ∈ X be an arbitrary point X and the sequence {xn} be deﬁned as follows:










≥ F∗xn–,xn ,xn (t).
By Lemma . we conclude that the sequence {xn} is a Cauchy sequence in X. Since X is




x,xn ,xn (t) = . (.)
Now we prove that x is a ﬁxed point of f .
















































































Since limn→∞ xn = limn→∞ xn+ = x and  is continuous, taking n → ∞ in (.) we get,





=(, ) = .
Hence
fx = x,
that is, x is a ﬁxed point of f .
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which implies, by Lemma ., that x = y. Therefore, f has a unique ﬁxed point in X. This
completes the proof of the theorem. 
Example . Let X = [,∞) and (a,b) = min{a,b} for all a,b ∈ X. Deﬁne a function
F∗ : X × [,∞)→ [,∞) by
F∗x,y,z(t) =
t
t +G(x, y, z)
for all x, y, z ∈ X and G(x, y, z) = |x – y| + |y – z| + |z – x|. Then (X,F∗,) is a probabilistic
G-metric space (see []).






 if ≤ t < ,
– t +

 if ≤ t ≤  ,
t –  if

 < t <∞.
It is easy to verify that ϕ ∈ w and ϕ(t)≥ t for all t ≥ .







ϕ(t) + [|fx – fy| + |fy – fz| + |fz – fx|]
= ϕ(t)





 + [| x – y | + | y – z | + | z – x |]
≥ tt + [|x – y| + |y – z| + |z – x|]
= F∗x,y,z(t).
This shows that (.) holds and f has a ﬁxed point in X. The ﬁxed point is .
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